Abstract. We determine the mass-radius relation of relativistic white dwarf stars (a self-gravitating degenerate Fermi gas at T = 0) in a D-dimensional universe and study the influence of the dimension of space on the laws of physics when we combine quantum mechanics, special relativity and gravity. We exhibit characteristic dimensions
Introduction
The study of stars is one of the most fascinating topics in astrophysics because it involves many areas of physics: gravitation, thermodynamics, hydrodynamics, statistical mechanics, quantum mechanics, relativity,... and it has furthermore a very interesting history. In his classical monograph The Internal Constitution of the Stars, Eddington (1926) lays down the foundations of the subject and describes in detail the basic processes that govern the structure of ordinary stars. At that stage, only elements of "classical" physics are used and difficulties with such theories to account for the structure of high density stars such as the companion of Sirius are pointed out. Soon after the discovery of the quantum statistics by Fermi (1926) and Dirac (1926) , Fowler (1926) uses this "new thermodynamics" to explain the puzzling nature of white dwarf stars. He understands that low mass white dwarf stars owe their stability to the quantum pressure of the degenerate electron gas at T = 0 1 . The resulting 1 In this work, it is assumed that the system is completely degenerate. The case of a partially degenerate self-gravitating Fermi gas at arbitrary temperature has been discussed more recently by Hertel & Thirring (1971) and Chavanis (2002a) in the context of statistical mechanics. They describe the phase transition, below a critical temperature Tc, from a gaseous configuration to a condensed state (with a degenerate core surrounded by a halo). This provides a simple physical mechanism showing how the system can reach highly degenerate configurations as a result of gravitational collapse.
structure is equivalent to a polytrope of index n = 3/2 so that the mass-radius relation of classical white dwarf stars behaves like M R 3 ∼ 1 (Chandrasekhar 1931a ). The next step was made by Chandrasekhar, aged only nineteen, who was accepted by the University of Cambridge to work with Fowler. In the boat that took him from Madras to Southampton (Wali 1991) , Chandrasekhar understands that relativistic effects are important in massive white dwarf stars and that Einstein kinematic must be introduced in the problem. In his first treatment (Chandrasekhar 1931b) , he considers the ultra-relativistic limit and shows that the resulting structure is equivalent to a polytrope of index n = 3. Applying the theory of polytropic gas spheres (Emden 1907) , this leads to a unique value of the mass that he interprets as a limiting mass, nowdays called the Chandrasekhar limit. The complete mass-radius relation of relativistic white dwarf stars was given later (Chandrasekhar 1935) and departs from Fowler's sequence as we approach the limiting mass. At this critical mass, the radius of the configuration vanishes. Above the critical mass, the equation of state of the relativistic degenerate Fermi gas of electrons is not able to balance gravitational forces and, when considering the final evolution of such a star, Chandrasekhar (1934) "left speculating on other possibility". Chandrasekhar's result was severly criticized by Eddington (1935) who viewed this result as a reductio ad absurdum of the relativistic formula and considered the combination of special relativity and non-relativistic quantum theory as an "unholly alliance".
Because of the querelle with Eddington, it took some time to realize the physical implication of Chandrasekhar's results. However, progressively, his early investigations on white dwarf stars were extended in general relativity to the case of neutron stars (Oppenheimer & Volkoff 1939) and finally led to the concept of "black holes", a term coined by Wheeler in 1967. Without the dispute with Eddington, this ultimate stage of matter could have been predicted much earlier from the discovery of Chandrasekhar (see Zakharov 2002) .
Although these historic elements are well-known, it is less well-known that the concept of a maximum mass for relativistic white dwarf stars had been introduced earlier by Anderson (1929) and Stoner (1930) . These studies are mentioned in the early works of Chandrasekhar but they have been progressively forgotten and are rarely quoted in classical textbooks of astrophysics. These authors investigated the equation of state of a relativistic degenerate Fermi gas and predicted an upper limit for the mass of white dwarf stars. Stoner (1930) uses a uniform mass density to model the star while Chandrasekhar (1931b) considers a more realistic n = 3 polytrope. However, as noted in Chandrasekhar (1931b) , the value of the limiting mass found by Stoner with his simplified model is relatively close to that obtained with the improved treatment. Interestingly, Nauenberg (1972) introduced long after a simplified treatment of relativistic white dwarf stars in order to obtain an analytical approximation of the massradius relation. It turns out that this model, which gives a very good agreement with Chandrasekhar's numerical results (up to some normalization factors), is equivalent to that introduced by Stoner. Leaving aside these interesting historical remarks, the result of Chandrasekhar (1931b) concerning the existence of a limiting mass is very profound because this mass can be expressed in terms of fundamental constants, similarly to the Bohr radius of the hydrogen atom (Chandrasekhar 1984) . Hence, the mass of stars is determined typically by the following combination
where G is the constant of gravity, h the Planck constant, c the velocity of light and H the mass of the hydrogen atom. This formula results from the combination of quantum mechanics (h), special relativity (c) and gravity (G).
Since dimensional analysis plays a fundamental role in physics, it is of interest to investigate how the preceding results depend on the dimension of space D of the universe. In our previous investigations (Chavanis & Sire 2004 , we considered the case of classical white dwarf stars in D dimensions and found that they become unstable in a space of dimension D ≥ 4. This means that quantum mechanics cannot stabilize matter against gravitational collapse in D ≥ 4 contrary to what happens in D = 3 (Fowler 1926 , Chavanis 2002a . Interestingly, this is similar to a result found by Ehrenfest (1917) at the atomic level for Coulomb forces in Bohr's model. The object of this paper is to extend these results to the case of relativisitic white dwarf stars and exhibit particular dimensions of space which play a special role in the problem when we combine Newtonian gravity, quantum mechanics and special relativity. At the present stage, we do not aim at any physical application or interpretation of these results. Our approach is essentially motivated by curiosity.
We shall see, however, that the problem is very rich and interesting in its own right. It shows to which extent the dimension D = 3 of our universe is particular. A connection with other works investigating the role played by the dimension of space on the laws of physics is made in the Conclusion.
The equation of state
In the completely degenerate limit, the electrons have momenta less than a threshold value p 0 (Fermi momentum) and their distribution function is f = 2/h D where h is the Planck constant. There can only be two electrons in a phase space element of size h D on account of the Pauli exclusion principle. Therefore, the number of electrons per unit volume is
The mean kinetic energy per electron is given by
where ǫ(p) is the energy of an electron with impulse p. In relativistic mechanics,
The pressure is P = 1 D f p dǫ dp dp = 2S D Dh D p0 0 p D dǫ dp dp.
Using Eq. (5), the pressure can be rewritten
Finally, the mass density is
where H is the mass of the proton and µ the molecular weight. If we consider a pure gas of fermions (like, e.g., massive neutrinos in dark matter models), we just have to replace µH by their mass m.
Introducing the notation x = p 0 /mc, we can write the density of state parametrically as follows
where
f (x) = 8
The function f (x) has the asymptotic behaviors
The classical limit corresponds to x ≪ 1 and the ultrarelativistic limit to x ≫ 1. Explicit expressions of the function f (x) are given in Appendix A for different dimensions of space.
The Chandrasekhar equation
For a spherically symmetric distribution of matter, the equations of hydrostatic equilibrum are
They can be combined to give
Expressing ρ and P in terms of x and setting y 2 = 1 + x 2 , we obtain
We denote by x 0 and y 0 the values of x and y at the center. Furthermore, we define
Note that the scale of length a is independent on y 0 for D = 1. Substituting these transformations in Eq. (16), we obtain the D-dimensional generalization of Chandrasekhar's differential equation
with the boundary conditions
The radius R of the star is such that ρ(R) = 0. This yields
The density can be expressed as
where the central density
Finally, we find that the mass is related to y 0 by
Note that y 0 does not explicitly enter in this expression for D = 3 but it is of course present implicitly.
The classical limit
In the classical case x ≪ 1, we find that the equation of state takes the form
with
Therefore a classical white dwarf star is equivalent to a polytrope of index
Polytropic stars are described by the Lane-Emden equation (Emden 1907) . This can be recovered as a limit of the Chandrasekhar equation. For x ≪ 1, we have 
Note that the condition at the origin is θ(0) = x 2 0 instead of θ(0) = 1 as in the ordinary Lane-Emden equation. However, using the homology theorem for polytropic spheres (Chandrasekhar 1942) , we can easily relate θ to θ D/2 , the solution of the Lane-Emden equation with index n 3/2 = D/2 and condition at the origin θ(0) = 1.
The structure and stability of polytropic spheres in various dimensions of space has been studied by Chavanis & Sire (2004) . This study exhibits two important indices: According to this study, a classical white dwarf star is selfconfined (complete) if n 3/2 < n 5 , i.e. D < 2(1 + √ 2) = 4.8284271.... In addition, it is nonlinearly dynamically stable (see Fig. 1 and Appendices B and C) with respect to the Euler-Poisson system if n 3/2 < n 3 , i.e. D < 4 (it is marginally stable for D = 4). Classical white dwarf stars are unstable for D > 4. Using the results of Chavanis & Sire (2004) , the mass-radius relation for complete polytropes with index
where we have defined
where ξ 1 is such that θ D/2 (ξ 1 ) = 0. Using Eq. (26), we find that the mass-radius relation for classical white dwarf stars in D dimensions is
For 2 < D < 4, the mass M decreases as the radius R increases while for D < 2 and for 4 < D < 2(1 + √ 2) it increases with the radius (see Fig. 2 ).
For D = 4 the mass is independent on the radius and given in terms of fundamental constants by
We recall that the surface of a unit sphere in D-dimensions
and that the value of the gravitational constant G depends on the dimension of space. The central density is related to the radius by
For D = 2, the radius is independent on mass and given in terms of fundamental constants by
Furthermore, for D = 2, the Lane-Emden equation (28) with index n 3/2 = 1 can be solved analytically, yielding θ 1 = J 0 (ξ) and ξ 1 = α 0,1 where α 0,1 = 2.404826... is the first zero of Bessel function J 0 . We obtain a density profile
where the central density is related to the total mass by
Finally, for D = 3, using the mass-radius relation (33), we find that the average density is related to the total mass by ρ = 2.162 10 6 (M/M ⊙ ) 2 g/cm 2 (for µ = 2.5). Historically, this result was obtained by Chandrasekhar (1931a) who first applied the theory of polytropic gas spheres with index n = 3/2 to classical white dwarf stars. It improves an earlier result ρ = 3.977 10 6 (M/M ⊙ ) 2 g/cm 2 obtained by Stoner (1929) on the basis of his model of stars with uniform density (see Sec. 7).
The ultra-relativistic limit
In the ultra-relativistic limit x ≫ 1, we find that the equation of state takes the form
Therefore, an ultra-relativistic white dwarf star is equivalent to a polytrope of index
This also directly results from the Chandrasekhar equation. For x ≫ 1, it reduces to
where we have set θ = φ and ξ = η. This is the LaneEmden equation with index n
Using the results of Chavanis & Sire (2004) , we deduce that an ultrarelativistic white dwarf star is self-confined if n ′ 3 < n 5 , i.e. D < 1 2 (3 + √ 17) = 3.5615528.... In addition, it is nonlinearly dynamically stable (see Fig. 3 and Appendices B and C) with respect to the Euler-Poisson system if n ′ 3 < n 3 , i.e. D < 3 (they are marginally stable in D = 3). Ultra-relativistic white dwarf stars are unstable for D > 3. On the other hand, the mass-radius relation for complete polytropes with index n
Using Eq. (40), we find that the mass-radius relation for ultra-relativistic white dwarf stars in D dimensions is
For 3 < D < 1 2 (3 + √ 17), the mass M increases as the radius R increases while for 1 < D < 3 it decreases with the radius (see Fig. 4 ).
For D = 1, the radius is independent on mass and given in terms of fundamental constants by
Furthermore, for D = 1, the Lane-Emden equation (42) with index n ′ 3 = 1 can be solved analytically, yielding θ 1 = cos(ξ) and ξ 1 = π/2. We obtain a density profile where the central density is related to the total mass by
For D = 3, the mass is independent on radius and given in terms of fundamental constants by
This is the Chandrasekhar mass
Coming back to Eq. (19), we see that for this limiting value, the radius R of the configuration tends to zero (see Sec. 6). Historically, the existence of a maximum mass for relativistic white dwarf stars was first published by Anderson (1929) who considered a relativistic extension of the model of Stoner (1929) for classical white dwarf stars. He obtained a limiting mass M = 1.37 10 33 g (for µ = 2.5). The relativistic treatment of Anderson was criticized and corrected by Stoner (1930) who obtained a value of the limiting mass M = 2.19 10 33 g. The uniform density model of Stoner was in turn criticized and corrected by Chandrasekhar (1931b) who applied the theory of polytropic gas spheres with index n = 3 to relativistic white dwarf stars and obtained the value (51) of the limiting mass M = 1.822 10 33 g. It seems that these historical details are not well-known because the references to the works of Anderson and Stoner progressively disappeared from the literature.
The general case
Collecting together the results of Sec. 3, the mass-radius relation for relativistic white dwarf stars in D dimensions can be written in the general case under the implicit form
and
The mass M 0 and the radius R 0 can be expressed in terms of fundamental constants as
We can now obtain the mass-radius curve M − R by the following procedure. We fix a value of the parameter y 0 and solve the differential equation (19) with initial condition (20) until the point η = η 1 , determined by Eq.
(21), at which the density vanishes. The radius and the mass of the corresponding configuration are then given by Eqs. (52)a-b. By varying y 0 , we can obtain the full curve R(y 0 ) − M (y 0 ) parameterized by the value of the central density ρ 0 given by Eq. (23). To solve the differential equation (19), we need the behavior of φ at the origin. Expanding φ(η) in Taylor series and substituting this expansion in Eq. (19) we obtain for η → 0:
We note in particular that φ Finally, we give the asymptotic expressions of the mass-radius relation. In the classical limit, using Eq. (33), we obtain
In the ultra-relativistic limit, using Eq. (46), we get
In Figs. 5-12, we plot the mass-radius relation of relativistic white dwarf stars (full line) for different dimensions of space. The asymptotic relations (59) and (60) valid in the classical (C) and ultra-relativistic (R) limits are also shown for comparison (dashed line) together with the analytical approximation (dotted line) derived in Sec. 7. 
Analytical approximation of the mass-radius relation
We present here an analytical approximation of the massradius relation in various dimensions of space based on the treatment by Nauenberg (1972) in D = 3. This treatment amounts to considering that the density is uniform in the star and the mass-radius relation is obtained by minimizing the energy functional with respect to the radius (or the density) at fixed mass. As mentioned in the Introduction, this is similar to the simplified model of relativistic white dwarf stars made by Stoner (1930) before Chandrasekhar's treatment. Following Nauenberg (1972) , we approximate the kinetic energy K by the form
where N is the number of electrons and p is an average over the star of the momentum of the electrons 2 . We 2 Note that Stoner (1930) uses the exact expression (3) of the kinetic energy in his treatment. This leads to more complicated expressions with, however, qualitatively similar conclusions. Since the models are based on the (illicit) approxi- assume that it is determined by an appropriate average value of the density by the relation
based on the Pauli exclusion principle. Now, for the density, we write
where ζ is a dimensionless parameter. We also write the potential energy in the form
where ν is another dimensionless parameter. By writing Eq. (64), we have assumed that D = 2 but we shall see that the following results pass to the limit for D → 2. We introduce two dimensionless variables n and r and two fixed constants M * = N * µH and R * such that
We determine M * and R * by the requirement that the relativity parameter x = p/mc have the form
and that the potential energy can be written
mation that the density is homogeneous, the results cannot be expected to be more than qualitatively correct. Therefore, the approximation (61) made by Nauenberg for the kinetic energy is sufficient for the purposes of this simplified approach. are not self-confined anymore and a spiral develops in the mass-radius relation. This is somehow similar to the classical spiral occurring in the (E, β) plane in the thermodynamics of self-gravitating systems (see, e.g., Katz 1978) and to the spiral occurring in the (M, R) plane in the general relativistic treatment of neutron stars (see, e.g., Meltzer & Thorne 1966 , Chavanis 2002c . The series of equilibria becomes unstable at the first turning point of mass and new modes of instability occur at the secondary turning points (see Shapiro & Teukolsky 1983 ).
This yields
Comparing with Eqs. (55) and (56), we find that
Now, the energy E = K + W of the star can be written
We shall consider the energy as a function of the radius R, with the mass M fixed. Thus, the mass-radius relation will be obtained by minimizing the energy E versus x with fixed n. Writing ∂E/∂x = 0, we obtain the equations 
In order to compare with the exact results, we need to determine the values of the constants ζ and ν. This can be done by considering the limiting forms of Eqs. (72) and (73). In the classical limit x ≪ 1, we obtain
and in the ultra-relativistic limit x ≫ 1, we get
Comparing with Eqs. (59) and (60), we find that
The analytical approximations of the mass-radius relation (74)-(77) are plotted in dotted lines in Figs. 5, 7, 9; they give a fair agreement with the exact results (full line). Of course, they cannot reproduce the spiral in D = 4 which requires the resolution of the full differential equation. Finally, we address the stability of the configurations within this simplified analytical model. If we view a white dwarf star as a gas of electrons at statistical equilibrium at temperature T = 0, stable configurations are those that minimize the free energy F = E − T S at fixed mass, where E is the total energy (kinetic + potential) and S is the Fermi-Dirac entropy. Now, for a completely degenerate gas, S = 0. Therefore, stable configurations minimize the energy E at fixed mass. As we have seen previously the first order variations E ′ (x) = 0 determine the MassRadius relation. Then, the configurations is stable if the energy is minimum, i.e. E ′′ (x) > 0. Now, we have
For D ≤ 3, all the solutions are stable while for D ≥ 4, all the solutions are unstable. For 3 < D < 4, the solutions with x < x c are stable and the solutions with x > x c are unstable where
We now show that the onset of instability precisely corresponds to the turning point of mass, i.e. to the point where the mass is maximum in the series of equilibria M (R). In terms of reduced variables, this corresponds to dn/dr = 0, or equivalently n ′ (x) = 0. Taking the logarithmic derivative of Eq. (72), we have
so that the condition n ′ (x) = 0 yields x = x c . Thus, instability sets in precisely at the maximum mass as could have been directly inferred from the turning point criterion.
Analogy between Chandrasekhar's mass and the critical mass of bacterial populations
In this section, we show some formal analogies between the Chandrasekhar limiting mass for relativistic white dwarf stars in D = 3 and the critical temperature of 2D isothermal self-gravitating systems or the critical mass of bacterial populations in the 2D chemotactic problem (see Chavanis 2006b ). These analogies are purely formal but they show that some physical problems studied in very different contexts are in fact closely related.
Series of equilibria for n = 3 polytropes in D = 3
Let us first recall some general results concerning the sequence of equilibrium configurations of gaseous polytropes enclosed within a spherical box of radius R (Chavanis & Sire 2004 , 2005a , Chavanis 2006a . Incomplete polytropes are confined by the box (ρ(R) = 0) while complete polytropes are such that their density vanishes at R * ≤ R. Their nonlinear dynamical stability with respect to the Euler-Poisson system can be analyzed by plotting the series of equilibria and using the Poincaré turning point argument. The series of equilibria is obtained by relating the parameter
to the parameter
There are different ways to read the η(α) relation. The parameter η is proportional to the mass while the parameter α depends on the central density. Therefore, the η(α) relation can be viewed as a relation M (ρ 0 ) between the mass and the central density (for given R and K). Alternatively, using a thermodynamical analogy (Chavanis 2006a) , η can be seen as an effective inverse temperature. This analogy can be made more precise if we define a polytropic temperature
For n = ∞, the polytropic equation of state p = Kρ 1+1/n reduces to the isothermal equation of state p = ρT and Θ coincides with T . Therefore, the η(α) relation can be viewed as a relation Θ(ρ 0 ) between the polytropic temperature and the central density (for given R and M ). A polytropic star is formally nonlinearly dynamically stable with respect to the Euler-Poisson system if it is a minimum of the energy functional (B.2) at fixed mass. A change of stability occurs at a turning point of η. The configurations before the turning points are nonlinearly dynamically stable (minima of W) and the configurations after the turning point are unstable (saddle points of W). In the thermodynamical analogy, W is similar to a free energy so that the preceding result is similar to a loss of "canonical stability" in thermodynamics (Chavanis 2006a) . We shall be particularly interested by complete polytropes whose density vanishes for R * ≤ R so that they are not affected by the (artificial) material box. The complete polytrope with radius R * = R corresponds to the terminal point of the series of equilibria. To settle the stability of complete polytropes, we thus have to look whether the series of equilibria η(α) presents a turning point (horizontal tangent) or not.
The series of equilibria for classical white dwarf stars corresponding to polytropes with index n 3/2 is plotted in Fig. 1 for different dimensions of space. We see that a turning point of mass η appears for D = 4 so classical white dwarf stars are nonlinearly dynamically stable for D < 4 and they become unstable for D > 4 (the dimension D = 4 is marginal). The series of equilibria for ultrarelativistic white dwarf stars corresponding to polytropes with index n ′ 3 is plotted in Fig. 3 for different dimensions of space. We see that a turning point of mass η appears for D = 3 so that ultra-relativistic white dwarf stars are stable for D < 3 and they become unstable for D > 3 (the dimension D = 3 is marginal). Fig. 13 . Series of equilibria for a polytropic gas with index n = 3 in D = 3 (equivalent to an ultra-relativistic white dwarf star) enclosed within a box. Incomplete polytropes with ρ(R) > 0 are represented by a solid line and complete polytropes with R * ≤ R are represented by a dashed line. Equilibrium states exist only for η ≤ ω 3 equivalent to M ≤ M Chandra or Θ ≥ Θ c . For η = ω 3 and α → +∞, the density profile is a Dirac peak.
Let us consider more specifically the series of equilibria of ultra-relativistic white dwarf stars in D = 3, corresponding to a polytropic gas with index n = 3 (see Fig.  13 ). The parameter η can be rewritten
We note that it does not depend on the radius of the box. On the other hand, the parameter α can be rewritten
Incomplete polytropes confined by the box have α < ξ 1 = 6.89685... while complete polytropes with R * ≤ R have η = ω 3 = 2.01823595... and α = ξ 1 R/R * . Since the curve η(α) does not present turning points, the whole series of equilibria is nonlinearly dynamically stable. These stable equilibrium configurations exist only for η ≤ η c = ω 3 . For η = η c , the configuration has infinite density α → +∞ and vanishing radius R * = 0, corresponding to a Dirac peak. In terms of the polytropic temperature (86), the parameter η can be written
Equilibrium configurations exist only for
where we emphasize that the critical temperature Θ c does not depend on the box radius. Now, for ultra-relativistic white dwarf stars, the constant K 2 is given in terms of fundamental constants by Eq. (40). In terms of the mass, the parameter η can be written
We thus see that the series of equilibria is defined only below a critical mass, which is precisely the Chandrasekhar mass. At M = M chandra , the system forms a Dirac peak. There is no equilibrium state for M > M chandra .
Series of equilibria for isothermal spheres in D = 2
These results are strikingly similar to those obtained in the thermodynamics of two-dimensional isothermal selfgravitating systems. The series of equilibria of a 2D isothermal self-gravitating system confined within a box of radius R is represented in Fig. 14 (see, e. g., Sire & Chavanis 2002) . The parameter η is defined by
where we have set k B = 1. Like in Eq. (91), we note that it does not depend on the box radius. The parameter α is defined by
Contrary to the case of polytropic spheres, the density profile of isothermal spheres does not vanish at a finite radius. Therefore, the series of equilibria is made only of incomplete configurations confined by the box. Since the curve η(α) has no turning point, the whole series of equilibria is thermodynamically stable in the canonical ensemble (they are minima of free energy at fixed mass). Bounded twodimensional isothermal spheres are also nonlinearly dynamically stable with respect to the Euler-Poisson system (they are minima of the energy functional at fixed mass). These stable equilibrium configurations exist only for η ≤ η c = 4. For η = η c , the configuration is a Dirac peak containing all the mass. In terms of the temperature, equilibrium configurations exist only for
Alternatively, in terms of the mass, equilibrium configurations exist only for
These results are similar to those obtained for n = 3 polytropes in D = 3. The common point is the similarity of the series of equilibria in Figs. 13 and 14 and the existence of a critical temperature or a critical mass, independent on the radius of the confining box. For M < M c or T > T c , there exists equilibrium configurations filling the whole box. At the critical temperature T c or critical mass M c , the system forms a Dirac peak containing the whole mass. For M > M c or T < T c , there is no equilibrium states and the system collapses. We expect that this collapse leads to a Dirac peak containing a mass M c surrounded by a halo of particles containing the excess mass M − M c . This behavior has been explicitly shown in Sire & Chavanis (2002) by solving the Smoluchowski-Poisson system in D = 2 for self-gravitating Brownian particles. If the box is removed the halo is dispersed to infinity and only the Dirac peak (condensate) remains. Fig. 14. Series of equilibria for a two-dimensional selfgravitating isothermal gas (or a bacterial colony) enclosed within a box. Equilibrium states exist only for η ≤ 4 equivalent to T ≤ T c (or M < M c ). For T = T c (or M = M c ), the density profile is a Dirac peak.
Series of equilibria for bacterial colonies in D = 2
There exists a formal analogy between the clustering of self-gravitating systems and the chemotactic aggregation of bacterial populations described by the KellerSegel (1970) model. This analogy is discussed in detail in Chavanis et al. (2004) . In D = 2, the series of equilibria of bacterial aggregates is identical to the caloric curve of isothermal self-gravitating systems in Fig. 14 but of course the parameters have another interpretation. In the biological context, η takes the form
where M is the total mass of the bacterial colony and χ, λ and D are parameters that arise in the Keller-Segel model (see, e.g., Chavanis 2006b). Therefore, equilibrium configurations exist only for
where M c is the maximum mass of bacterial populations. For M < M c there exists equilibrium configurations of bacterial colonies in a box (in an infinite domain the system evaporates, see Chavanis & Sire 2005b) . For M ≥ M c , the system collapses and forms a Dirac peak. Owing to these formal analogies, we see that the limiting mass M chandra of Chandrasekhar for relativistic white dwarf stars in D = 3 is similar to the limiting mass M c of bacterial populations in D = 2 which is itself similar to the limiting temperature T c of a bounded two-dimensional isothermal gas (Chavanis 2006b ). Of course, there is a crucial difference between the two systems because the Chandrasekhar mass is expressed in terms of fundamental constants while the critical mass of bacterial populations depends on non-universal parameters (diffusion coefficient, mobility,...) which characterize a given bacterial population in the framework of the Keller-Segel model. These parameters change from one population to the other and they usually have to be adapted to the situation. However, the important point is that the critical mass is independent on the size of the box R and is intrinsic to the system under consideration (white dwarfs or bacterial colonies).
Series of equilibria for partially relativistic white dwarf stars
In the approach of Sec. 8.1, we have assumed that the gas is always ultra-relativistic (polytrope of index 3) and that for M < M chandra it is confined by the walls of an artificial box. The more physical case of a partially relativistic gas that is self-confined (without box) can be treated by solving the Chandrasekhar equation (19). In Fig. 15 , we plot the mass M/M chandra as a function of the central density ρ 0 . This curve presents a behavior similar to that of Sec. 8.1 so that the above-mentioned analogies remain valid in this more physical situation. Therefore, the Chandrasekhar limiting mass for relativistic white dwarf stars in D = 3 is really similar to the limiting mass of bacterial populations in D = 2. Fig. 15 . Series of equilibria for a partially relativistic white dwarf star. Equilibrium states exist only for M < M chandra . For M = M chandra , the density profile is a Dirac peak.
Conclusion
"Why is our universe three dimensional? Does the dimension D = 3 play a special role among other space dimensions?"
Several scientists have examined the role played by the dimension of space in determining the form of the laws of physics. This question goes back to Ptolemy who argues in his treatise On dimensionality that no more than three spatial dimensions are possible in Nature. In the 18 th century, Kant realizes the deep connection between the inverse square law of gravitation and the existence of three spatial dimensions. In the twentieth century, Ehrenfest (1917) , in a paper called In what way does it become manifest in the fundamental laws of physics that space has three dimensions? argues that planetary orbits, atoms and molecules would be unstable in a space of dimension D ≥ 4. Other investigations on dimensionality are reviewed in the paper of Barrow (1983) . We have found that the self-gravitating Fermi gas at T = 0 (a white dwarf star) possesses a rich structure as a function of the dimension of space. We have exhibited several characteristic di-
. For D < 3, there exists stable configurations for any value of the mass. For D = 3, the sequence of equilibrium configurations is stable but there exists a maximum mass (Chandrasekhar's limit) above which there is no equilibrium state. For 3 < D < 4, the sequence of equilibrium configurations is stable for classical white dwarf stars but it becomes unstable for relativistic white dwarf stars with high density after the turning point of mass. Therefore, the dimension D = 3 is special because it is the largest dimension at which the sequence of equilibrium configurations is stable all the way long; for D > 3, a turning point of mass appears. Therefore, the dimension D = 3 is marginal in this respect. Finally, for D ≥ 4, the whole sequence of equilibrium configurations is unstable. Therefore, as already noted in a previous paper , the dimension D = 4 is critical because at that dimension quantum mechanics cannot stabilize matter against gravitational collapse, even in the classical regime, contrary to the situation in D = 3 (Chavanis 2002a) . Interestingly, this result is similar to that of Ehrenfest (1917) although it applies to white dwarf stars instead of atoms. We note also that extra-dimensions can appear at the micro-scale, an idea originating from Kaluza-Klein theory. This idea took a renaissance in modern theories of grand unification. Our approach shows that already at a simple level, the coupling between Newton's equations (gravitation), Fermi-Dirac statistics (quantum mechanics) and special relativity reveals a rich structure as a function of D. In this respect, it is interesting to note that the critical masses (34) (50) and radii (36) (47) that we have found occur for simple integer dimensions D = 1, 2, 3 and 4, which was not granted a priori.
Finally, it is interesting to develop a parallel between the Mass-Radius relation M (R) of white dwarf stars and the caloric curve T (E) giving the temperature as a function of the energy in the thermodynamics of self-gravitating systems (Lynden-Bell & Wood 1968 , Padmanabhan 1990 . In this analogy, the Chandrasekhar mass in D = 3 is the counterpart of the critical temperature for isothermal systems in D = 2 (in both cases, the equilibrium density profile is a Dirac peak containing all the mass). On the other hand, for D > 3, the Mass-Radius relation for white dwarf stars exhibits turning points, and even a spiraling behavior for D > 1 2 (3 + √ 17), which is similar to the spiraling behavior of the caloric curve for isothermal systems in D = 3. In this analogy, the maximum mass, corresponding to a critical value of the central density which parameterizes the series of equilibria, is the counterpart of the Antonov energy (in the microcanonical ensemble) or of the Emden temperature (in the canonical ensemble). The series of equilibria becomes unstable after this turning point. In addition, there is no equilibrium state above this maximum mass or below the minimum energy or minimum temperature. In that case, the system is expected to undergo gravitational collapse.
2 dp. Therefore, the free energy can be written
Using Eq. (25), this is equivalent to Eq. (B.3). In the ultrarelativistic limit, ǫ = pc and P = 1 D f pcdp. Therefore, the free energy can be written
Using Eq. (39), this is equivalent to Eq. (B.4).
In this Appendix, we generalize in D dimensions the usual stability criteria for polytropic gaseous spheres described by the Euler-Poisson system
C.1. The eigenvalue equation
We first consider the linear dynamical stability of a barotropic fluid described by the Euler-Poisson system and generalize the approach developed in previous papers (Chavanis 2002b (Chavanis ,c,d,2003 . Linearizing the equations of motion around a stationary solution corresponding to a gas in hydrostatic equilibrium and writing the perturbation in the form δρ ∼ e λt , we obtain the eigenvalue equation
where we have restricted ourselves to spherically symmetric perturbations and defined q(r) = r 0 δρS D r D−1 dr. For a polytropic gas with an equation of state P = Kρ γ , the foregoing equation becomes
Considering the point of marginal stability (λ = 0) and introducing the Emden variables, we get
This equation has the exact solution
The point of marginal stability is determined by the boundary conditions. One can show that the velocity perturbation is given by δu = −λq/(4πρr 2 ). Therefore, if the density of the configuration vanishes at r = R, one must have q(R) = 0 to avoid unphysical divergences. Thus, if ξ 1 denotes the value of the normalized radius such that θ(ξ 1 ) = 0 (with θ ′ (ξ 1 ) = 0), the natural boundary condition for the eigenvalue equation (C.5) is F (ξ 1 ) = 0. Using Eq. (C.7), this yields the critical index
corresponding to a marginally stable gaseous polytrope. The nonlinear dynamical stability of gaseous polytropes can be investigated by minimizing the energy functional (B.2) at fixed mass. This problem has been considered by Chavanis & Sire (2004) who find that the point of neutral stability corresponding to δ 2 W = 0 is achieved for a polytrope with index n = n 3 . Therefore, the conditions of linear and nonlinear dynamical stability coincide (see also Chavanis 2006a). Finally, the nonlinear dynamical stability of the system can also be investigated by plotting the series of equilibria of box-confined polytropes (with suitable variables) and using the turning point argument of Poincaré as discussed in Chavanis & Sire (2004) . A turning point appears precisely for n = n 3 . This method shows that complete polytropes with n < n 3 are nonlinearly dynamically stable (minima of W at fixed mass M ) while complete polytropes with n > n 3 are dynamically unstable (saddle points of W at fixed mass M ).
C.2. The Ledoux criterion
We can also investigate the linear dynamical stability of gaseous polytropic spheres by using the method introduced by Eddington (1918) and Ledoux & Pekeris (1941) . If we introduce the radial displacement where dP/dt = ∂δP/∂t + δudP/dr is the Lagrangian derivative of the pressure. Since P = 0 at the surface of the star, it is sufficient to demand that ξ and dξ/dr be finite in r = R. Multiplying Eq. (C.10) by ξ and integrating between 0 and R, we obtain The system is stable if λ 2 ≤ 0 and unstable otherwise. Since dP/dr < 0, a sufficient condition of stability is Dγ + 2 − 2D ≥ 0, i.e.
(C.14)
It can be shown furthermore that the system is unstable for γ < γ 4/3 . In terms of the index n, a complete polytrope is stable with respect to the Euler-Poisson system in d = 1 for n ≥ 0 and for n ≤ −1, in d = 2 for n ≥ 0, in d = 3 for 0 ≤ n ≤ 3 and in d > 2 for 0 ≤ n ≤ n 3 . From the theory of Sturm-Liouville problems, it is known that expression (C.13) forms the basis of a variational principle. The function ξ(r) which maximizes the functional expression of λ 2 = I[ξ] is the fundamental eigenfunction and the maximum value of this expression gives the fundamental eigenvalue λ 2 . Furthermore, any trial function under-estimates the value of λ 2 so this variational principle may prove the existence of instability but can only give approximate information concerning stability. As shown by Ledoux & Pekeris (1941) , we can get a good approximation of the fundamental eigenvalue by taking ξ(r) to be a constant (note that ξ = Cst., i.e. δr ∝ r, is the exact solution of the Sturm-Liouville equation (C.10) at the point of marginal stability λ = 0 for a polytropic equation of state). For the trial function ξ = Cst., we get |r−r ′ | D−2 dr ′ is the gravitational potential. Since W ii < 0, the system is unstable if Dγ + 2 − 2D < 0. On the other hand, Eq. (C.19) provides an estimate of the pulsation period ω = √ −λ 2 when the system is stable. This is the D-dimensional generalization of the Ledoux stability criterion.
C.3. The Poincaré argument
In this subsection, we restrict ourselves to D > 2. According to Eq. (B.2), the energy functional of a polytropic star with P = Kρ γ can be written
where W is the potential energy. Now, in an unbounded domain, the Virial theorem in D dimensions (Chavanis & Sire 2004) Combining these two relations, we get
where we recall that
In D > 2, the system is dynamically stable if W < 0 and unstable otherwise. This is the Poincaré argument (see Chandrasekhar 1942 ). Since W < 0, the condition of dynamical stability is n < n 3 .
